Let C be a nonsingular projective curve of genus g ≥ 3 over C, and choose a point x ∈ X. Fix n distinct closed points S = {p 1 , p 2 , ..., p n } over X, and weights (α) := 0 ≤ α 1 < α 2 < · · · < α r < 1 over the parabolic points. We also assume that the weights are generic. Let M α denote the moduli space of S-equivalence classes of parabolic stable vector bundles of rank r over C of fixed determinant O(x). In this paper, we study the Abel-Jacobi maps associated to these moduli spaces, and show that in certain cases they are split surjections, and even isomorphisms. These extend some of the results obtained in [JY]. The Chow groups of these moduli spaces (i.e. the group of cycles modulo rational equivalence) are interesting objects to study. See the introduction in [JY] for all the known Chow groups so far. There are also other interesting equivalence relations on the cycles other than rational equivalence, one of them being homological equivalence, which produce subgroups CH i (M) hom ⊂ CH i (M) (similarly for M α as well). Griffiths has defined Abel-Jacobi maps from the groups CH i (X) hom to the i-th intermediate Jacobians IJ i (X) (defined in section 2) for any smooth projective complex variety X, which are generalizations of the Jacobi map for curves. In [JY], the authors have studied the Abel-Jacobi maps for the the moduli space M. We generalize some of the results to the case of M α . The main results of this paper are as follows:
Introduction
Let C be a nonsingular projective curve of genus g ≥ 3 over C, and choose a point x ∈ X. Let M := M(r, O(x)) denote the moduli space of isomorphism classes of stable vector bundles of rank r and fixed determinant O C (x) over C. Let us moreover fix n distinct closed points S = {p 1 , p 2 , ..., p n } over X, referred to as parabolic points, and parabolic weights (α) := 0 ≤ α 1 < α 2 < 1 over the parabolic points. We also assume that the weights are generic. Let M α := M(r, O(x), m, α) denote the moduli space of S-equivalence classes of parabolic stable vector bundles of rank r, determinant O C (x), and parabolic data (m, α) over C.
Theorem 1.1 (Corollary 3.10). Let n = dim M α . For any generic weight α, AJ n−1 : CH n−1 (M α ) hom ⊗ Q → IJ n−1 (M α ) ⊗ Q is a split surjection.
In case of codimension-2 cycles, we have the following result:
Theorem 1.2 (Theorem 4.7). For any generic weight α, AJ 2 : CH 2 (M α ) hom ⊗ Q → IJ 2 (M α ) ⊗ Q is an isomorphism. Acknowledgement I would like to thank my advisor Prof. Indranil Biswas for suggesting the problem, and for the helpful discussions and suggestions.
Preliminaries
2.1. Semistability and stability of vector bundles. Let C be a nonsingular projective curve over C. Let E be a holomorphic vector bundle of rank r over C.
Here onwards, by a variety we will always mean an irreducible quasi-projective variety. It is easy to check that if gcd(r, deg(E)) = 1, then the notion of semistability and stability coincide for a vector bundle E.
2.2.
Moduli space of vector bundles. We briefly recall the notion of the moduli space of vector bundles over C. If E is a semistable bundle of rank r, then there exists a Jordan-Hölder filtration for E given by
The filtration is not unique, but the associated graded object gr(E) := k i=1 E i /E i−1 is unique upto isomorphism. Two vector bundles E and E ′ are called S-equivalent if gr(E) ∼ = gr(E ′ ). When E, E ′ are stable, being S-equivalent is same as being isomorphic as vector bundles over C.
The moduli space of S-equivalence classes of vector bundles of rank r and determinant L on X, denoted M(r, L), is a normal projective variety of dimension (r 2 − 1)(g − 1); its singular locus is given by the strictly semistable bundles.
In the case when gcd(r, deg(L)) = 1, M(r, L) = the isomorphism class of stable vector bundles on X, is a nonsingular projective variety; moreover, it is a fine moduli space.
When r, L are fixed, we shall denote the moduli space by M, when there is no scope for confusion.
2.3. Parabolic bundles and stability. Definition 2.3 (Parabolic bundles). Let us fix a set S = p 1 , · · · , p n of n distinct closed points on C. A parabolic vector bundle of rank r on C is a holomorphic vector bundle E on C with a parabolic structure along points of S. By this, we mean a collection weighted flags of the fibers of E over each point p ∈ S:
where s p is an integer between 1 and r. The real number α p,i is called the weight attached to the subspace E p,i . The multiplicity of the weight α p,i is the integer m p,i := dim(E p,i ) − dim(E p,i−1 ). Thus i m p,i = r. We call the flag to be f ull if s p = r, or equivalently m p,i = 1 ∀i. Let α := {(α p,1 , α p,2 , ..., α p,sp ) | p ∈ S} and m := {(m p,1 , ..., m p,sp ) | p ∈ S}. We call the tuple (r, L, m, α) as the parabolic data for the parabolic bundle E, where L := det(E). We might also fix only the degree d of E, and call (r, d, m, α) as the parabolic structure. Usually we denote the parabolic bundle as E * to distinguish from the underlying vector bundle E. Definition 2.4 (Parabolic degree and slope). The degree of a parabolic bundle E * is defined as deg(E), E being the underlying vector bundle. The Parabolic degree of E * with respect to α is defined as
The parabolic slope of E * with respect to α is defined as
Definition 2.5 (Parabolic semistability and stability). Any vector sub-bundle F ֒→ E obtains a parabolic structure in a canonical way: For each p ∈ S, the flag at F p is obtained intersecting F p with the flag at E p , and the weight attached to the subspace F p,j is α k , where k is the largest integer such that F p,j ⊆ E p,k . (for more details see [MS, Definition 1.7] .) We call the resulting parabolic bundle to be a parabolic sub-bundle, and denote it by F * .
A parabolic bundle E * is called α-parabolic semistable (resp. α-parabolic stable), if for every proper sub-bundle F ⊂ E, 0 < rkF < rkE, we have
We also call them simply parabolic semistable or parabolic stable, if the weight is clear from the context. 2.4. Generic weights and walls. We briefly recall the notion of generic weights and walls. For more details we refer to [BH] .
Fix a set S of points in C, rank r, line bundle L on C and multiplicities m as defined above. Let ∆ r := {(a 1 , ..., a r ) | 0 ≤ a 1 ≤ ... ≤ a r < 1}, and define W := {α : S → ∆ r }. Note that the elements of W determine both weights and the multiplicities at the parabolic points, and hence a parabolic structure. Conversely, given multiplicities m at the parabolic points, we can associate a map S → ∆ r , by repeating each weight α p,i according to its multiplicty m p,i . This leads to a natural notion of when a given weight α is compatible with the multiplicity m. The set of all weights compatible with m is a product of |S|-many simplices. We denote by V m the set of all weights compatible with m.
Let α ∈ V m . Let E * be a parabolic bundle with data (r, d, m, α) and parabolic degree 0. If E * is parabolic semistable but not parabolic stable, then it would contain a sub-bundle F of rank r ′ and degree d ′ , say, such that under the induced parabolic structure on F , with induced weights α ′ := {0 ≤ α p,σ(1) ≤ · · · ≤ α p,σ(r ′ ) < 1} p∈S with σ : {1, · · · , r ′ } ֒→ {1, · · · , r} is a certain choice function, we get P ardeg α ′ (F * ) = 0. This translates to
Clearly this gives a hyperplane section of V m . Let ξ := (σ, d ′ , r ′ ), and define H ξ to be the hyperplane section above. There can be only finitely many such hyperplanes (see [BH] ); call them H ξ 1 , · · · , H ξ l .
Definition 2.6. (Walls and generic weights) We call each of the intersections H ξ i ∩ V m a wall in V m . There are only finitely many such walls.
We call the connected components of V m \ ∪ l i=1 H ξ i as chambers, and weights belonging to these chambers are called generic.
Clearly, for generic weights, a parabolic bundle is parabolic semistable iff it is parabolic stable.
2.5. Moduli of parabolic bundles. Again, we briefly recall the notion of moduli space of parabolic semistable bundles over X. The construction is analogous to section 2.2; for details we refer to [MS] .
The collection of parabolic semistable bundles E * with fixed parabolic data (r, L, m, α) and P ardeg α (E * ) = 0 form an abelian category. For each such E * there exists a Jordan-Hölder filtration, and we can define an associated graded object gr α (E * ) analogous to section 2.2. Again, we call two parabolic semistable bundles to be S-equivalent if their associated graded objects are isomorphic.
Definition 2.7. We denote by M(r, L, m, α) the moduli space of S-equivalence classes of parabolic semistable bundles over C with rank r, determinant L, multiplicities m and weights α. It is a normal projective variety, with singular locus given by the strictly semistable bundles. When r, L, m are fixed, we will denote the moduli space by M α if no confusion occurs. For generic weight α, M α is a nonsingular projective variety; moreover, it is a fine moduli space ([BY, Proposition 3.2]).
2.6. Chow groups. For a variety Y over C, let Z k (Y ) denote the free abelian group generated by the irreducible k-dimensional closed subvarieties of Y . The Chow group of k-cycles, denoted CH k (Y ), is given by
where ∼ denotes "rational equivalence". We refer to [Voi2, Section 9] and [Ful] for the details regarding Chow groups and the related notions (proper pushforward and flat pullback of cycles, intersection product, Chern class of vector bundles etc.)
this is a Q-vector space. By a slight abuse of notation, throughout the rest of the discussion, we will address CH k (Y ) Q as 'Chow group' as well, since no confusion will arise. 2.7. Intermediate Jacobians. Let X be a smooth complex projective variety. For each k ≥ 0, we have the Hodge decomposition
where H i ′ j (X) are the Dolbeault cohomology groups, with the property that H i,j (X) = H j,i (X) ∀i, j. Let k = 2p − 1 be odd, and define F p H 2p−1 := H 2p−1,0 (X) ⊕ H 2p−2,1 (X) ⊕ · · · ⊕ H p,p−1 (X). Then we have
, and moreover, the image of the composition
gives a lattice. We define the p-th intermediate jacobian as
Surjectivity of Abel-Jacobi map for 1-cycles
From now onwards, we fix a point x ∈ C, and let M denote the moduli space of semistable bundles of rank r and determinant O(−x), and similarly let the moduli of parobolic bundles be denoted by M α := M(r, O(−x), m, α).
In [JY, Corollary 2.6] , it is proved that the Abel-Jacobi map
is surjective. Our aim here is to extend this result for the moduli of Parabolic bundles.
3.1. CASE OF SMALL WEIGHTS. First, let us assume that the parabolic weights are small enough, so that [BY, Proposition 5 .2] is applicable. Such small generic weights exist by [BY, Proposition 3.2] , since the bundles have degree 1 and there are only finitely many walls.
In this case, by [BY, Proposition 5.2] , there exists a morphism
by forgetting the parabolic structure; moreover, π is a locally trivial fibration (in Zariski topology) with fibers as product of flag varieties by [BY, Theorem 4.2] .
Proof. (see [Voi2, Theorem 4.11] for the description of Leray spectral sequence.) Consider the Leray spectral sequence of π with rational coefficients, satisfying
where Q Mα denotes the locally constant sheaf with stalk Q. Since π is a fibration, the sheaves R q π * Q Mα turn out to be local systems (locally constant sheaves with fibers as finte rank Q-vector space); moreover, since by [KS, Theorem 1.2] M is rational, it is simply connected. If F denotes the fiber of pi, by the equivalence of categories of local systems and representations of π 1 (M), we conclude that all the R q π * Q Mα are constant sheaves with stalk H q (F, Q),
By a theorem of Deligne ( [Voi2, Theorem 4.15] ), since π is smooth and proper, the above spectral sequence degenerates at
)) = 0 (∵ F has cohomologies only in even degress)
∴ the filtration in 3.1 looks like
Moreover, the isomorphism coincides with the edge map E 3,0 ∞ → H 3 (M α , Q), which is given by π * , hence we are done.
Fix a universal (Poincare) bundle U → C × M, and let p 1 : C × M → C, p 2 : C × M → M be the projections. Let c 2 (U) ∈ H 4 (C × M, Q) denote the second Chern class of U. Consider the homomorphisms:
where p 2 * is defined by the composition
where PD and UCT denote the Poincare duality and Universal coefficient theorem respectively. The composition Γ U := p 2 * • ∪c 2 (U) • p * 1 is called the correspondence defined by c 2 (U).
Let U ′ := (Id × π) * (U) denote the pullback onto C × M α , and define Γ U ′ analogous to Γ U by replacing M by M α and U by U ′ in (3.2).
Proof. We clearly have the following commutative diagrams:
where the upper and lower horizontal compositions are Γ U ′ and Γ U respectively, and the last vertical map is an isomorphism by proposition 3.1. Hence we have our claim by theorem 3.2.
Next, let O(1) be a very ample line bundle on M α , and let H := c 1 (O(1)) be its first Chern class. If n ′ denotes the dimension of M α as a complex variety, then there exists Hard Lefschetz isomorphism
Let Jac(C) denote the isomorphism class of degree 0 line bundles on C. it is an abelian group, and we recall the well-known fact that Jac(C) ∼ = IJ 1 (C) = H 1 (C, C) H 1,0 (C) + H 1 (C, Z) , which can be seen from the exponential exact sequence. ∴ we have an isomorphism
Proposition 3.4. The isomorphism 3.5 induces an isomorphism of the intermediate jacobians 
Since p * 1 , ∪c 2 (U ′ ), p 2 * , ∪H n ′ −3 are morphisms of Hodge structures of weights (0, 0), (2, 2), (−1, −1) and (n ′ −3, n ′ −3) respectively, the isomorphism 3.5 takes H 1,0 (C) to H n ′ −1,n ′ −2 = F n ′ −1 H 2n ′ −3 . Hence we get our required isomorphism from 3.5 by going modulo the appropriate subgroups.
Next we want to show, as in [JY, Section 2] that the isomorphism 3.4 is compatible with the similar 'correspondence map' on the rational Chow groups, defined similarly Γ U : consider the composition
where U ′ is the pullback of U as before, c 2 (U ′ ) ∈ CH 2 (C × M α ) is the algebraic Chern class, ∩ denotes the intersection product and p * 1 , p 2 * denote the flat pullback and proper pushforward respectively. Define Γ CH U ′ := p 2 * • ∩c 2 (U ′ ) • p * 1 . This restricts to the subgroups of cycles homologically equivalent to zero, giving
Let H := c 1 (O(1)) denote the algebraic first chern class of a very ample line bundle on M α .
Lemma 3.5. The following diagram commutes:
where the lower horizontal isomorphism is given by proposition 3.4.
Proof. Follows from the same proof as in [JY, Lemma 2.4] replacing M by M α , since the argument given there uses Deligne-Beilinson cohomology exact sequence as given in [EV, (7.9) ], which only uses that M is a Complete algebraic manifold. Since M α satisfies the hypothesis, the argument goes through for M α as well. The left vertical Abel-Jacobi map is an isomorphism by [BL, Theorem 11.1.3] , since in case of a smooth curve CH 1 (C) hom = P ic 0 (C).
Corollary 3.6. The Abel-Jacobi map AJ n ′ −1 :
Proof. Follows from above lemma.
3.2. CASE OF ARBITRARY WEIGHTS. Let α, β be two generic weights lying in adjacent chambers in V m separated by a single wall. Let H be the hyperplane separating them. Let γ be the intersection of H and the line joining α and β. Then M α and M β are smooth projectivevarieties, while M γ is normal projective, with the singular locus Σ γ given by the strictly semistable bundles. By [BH, Theorem 3.1] , there exist projective morphisms
such that φ α and φ β are isomorphisms along M γ \Σ γ , and φ α and φ β are P nα and P n β -bundles over Σ γ respectively, satisfying n α + n β + 1 = codimΣ γ . Note that, from thie above, it easily follows that codimension of φ −1 α (Σ γ ) (resp. φ −1 β (Σ γ )) has codimension n β + 1 (resp. n α + 1) in M α (resp. M β ). Moreover, if N := M α × Mγ M β , then according to the discussion at the end of section 1 in [BH] , under the natural projections, say ψ α and ψ β , N is the common blowup over M α and M β along φ −1 α (Σ γ ) and φ −1 β (Σ γ ) respectively. Let j : E ֒→ N be the exceptional divisor, then E is a P n β -bundle over φ β −1 (Σ γ ), and a P nα -bundle over φ β −1 (Σ γ ) respectively via the usual projections from N .
Lemma 3.7. φ −1 α (Σ γ ) and φ −1 β (Σ γ ) are rational varieties (i.e. birational to P n for some n); hence
Proof. By equation (5) in [BH] , Σ γ is the product of two smaller dimensional moduli, which are rational (by [BY, Theorem 6.2] ), so Σ γ is itself rational.
Since φ α −1 (Σ γ ) and φ β −1 (Σ γ ) are projective bundles over Σ γ , they are also rational. This proves the first assertion.
Moreover, by [Ful, Example 16.1.11] , the Chow groups of 0-cycles is a birational invariant; and CH 0 (P n ) ∼ = Z ∀ n, so we get the second assertion as well.
By [Voi2, Theorem 9.27 ], there exists an isomorphism of Chow groups
given by
where as before O(1) is a very ample line bundle on E. Of course, a similar isomorphism g β exists for the blow-up ψ β : N → M β as well.
Now, since γ lies on only one hyperplane, Σ γ nonsingular according to [BH, section 3.1 ]. Hence φ α −1 (Σ γ ) and φ β −1 (Σ γ ) are also nonsingular, being projective bundles over Σ γ . They are rational as well, since Σ γ is rational, being a product of two smaller dimensional moduli [BH, Section 3.1] . As a corollary, we get Corollary 3.8. The isomorphism 3.8 restricts to an isomorphism
Proof. It is clear that g α restricts to an isomorphism on the cycles homologically equivalent to zero, since the cycle class map commutes with pullback and pushforward maps on cohomology. In general, if X is a nonsingular variety of dimension n and Z is a nonsingular closed subvariety of codimension r, then by [Voi1, Remark 11.16 ], under the cycle class map CH r (X) → H 2r (X, Z) followed by Poincare duality H 2r (X, Z) ∼ = H 2n−2r (X, Z), the image of the cycle class [Z] maps to the homology class of the oriented submanifold Z. Moreover, since X is rational, CH 0 (X) Q ≃ Q ≃ H 0 (X, Q). Hence the composition
an isomorphism. But the elements of the subgroup CH 0 (X) hom ⊗ Q ⊂ CH 0 (X) Q goes to zero under the composition by definition, so CH 0 (X) hom = 0. This clearly implies our original claim.
There also exists a blow-up formula for cohomology groups for all k ≥ 0, given by
Putting k = 2n − 3, where n = dim M α , we see that since codimφ −1 α (Σ γ ) = n β + 1, the real dimension of φ −1 α (Σ γ ) equals 2n − 2n β − 2, hence in the LHS above, all the H 2n−3−2q (φ −1 α (Σ γ ), Q) are zero except for q = n β . But by Poincare duality,
(**Remark: It can be checked that in our case, the following diagram commutes:
Corollary 3.10. For any generic weight α, AJ n−1 : CH n−1 (M α ) hom ⊗Q → IJ n−1 (M α )⊗ Q is a split surjection.
Proof. The result is already proven for small weights in corollary 3.6. Recall that there are only finitely many walls in the set V m of all admissible weights, and the moduli spaces corresponding to weights in the same chamber are isomorphic. If α is any arbitrary generic weight, we can choose a small weight β and a sequence of generic weights which starts at α and ends at β, such that each successive weights are separated by a single wall; in that case, by the remark above, since the statement holds for β, it holds for α as well.
Abel-Jacobi isomorphism for codimension 2 cycles
In [JY, Proposition 3.11] , the author has shown that the Abel-Jacobi map
, whenever g ≥ 4.
In this section, we extend this result to the case of parabolic bundles. Our strategy will be similar to section 3. We keep the same notation as in Section 3, with the only modification being that we fix the rank r = 2 here. In particular, M and M α will denote the same moduli spaces as in section 3, for rank 2 bundles. 4.1. CASE OF SMALL WEIGHTS. Let α be small, as in section 3.1. There exists, as before, a canonical morphism π : M α → M, which is a (P 1 ) m -bundle, where m = number of parabolic points, by [BY, Theorem 4.2] . By 3.1, π * :
is an isomorphism. Of course, the isomorphism is also valid if we consider cohomology with C-coefficients, which is also an isomorphism of Hodge structures; hence we get an induced isomorphism on the intermediate Jacobians:
Proof. a) First, let there be only one parabolic point p. In that case, π : M α → M is a P 1 -bundle, since α is small. Therefore, by [Voi2, Theorem 9 .25], putting n = dim M α ,
In general, M α has the following descrpition: if the parabolic data consists of m distinct set of closed points S = {p 1 , · · · , p m }, for each 1 ≤ i ≤ m let E i denote the restriction of the universal bundle over X × M to {p i } × M. Then an analogous argument as above shows that M α is isomorphic to the fiber product of P(E i )'s over M, i.e.
Here M α ∼ = F m , so we have the following fiber diagram:
By induction on m, we have CH 1 (F m−1 ) ⊗ Q = 0; moreover, the left vertical arrow above is a P 1 -bundle, and so by the same argument as above,
(4.3) b) Again, first let there be only one parabolic point p; again, by [Voi2, Theorem 9 .25],
In general, for m parabolic points, by the left vertical arrow in 4.2, which is a P 1 -bundle, we would get
By (a), we have CH 1 (F m−1 ) hom ⊗Q = 0, and by induction on m, we have CH 2 (F m−1 ) hom ⊗ Q ≃ CH 2 (M) hom ⊗ Q, and hence we get our result.
Proposition 4.2. The Abel-Jacobi map AJ :
Proof. By 4.1, lemma 4.1 (b) and the commutativity of the diagram (4.4) and the fact that the left vertical map is an isomorphism by [JY, Proposition 3.11] , we conclude that the right vertical map is an isomorphism as well. 4.2. CASE OF ARBITRARY WEIGHTS. Let α and β be two generic weights lying in adjacent chambers in V m separated by a single wall. Then we repeat the same construction as in 3.2 right uptill Lemma 3.7, to get N , which is a common blow-up over M α and M β along φ −1 α (Σ γ ) and φ −1 β (Σ γ ) respectively. Let ψ α , ψ β denote the usual projections from N to M α , M β respectively.
Note that φ −1 α (Σ γ ) is smooth since it is a projective bundle over the smooth variety Σ γ , and hence N is smooth, being the blow-up of a smooth variety M α along a smooth subvariety φ −1 α (Σ γ ). We work with ψ α : N → M α , the case of ψ β being identical.
Proof. By the blow-up formula for Cohomology, we get
Also, by 3.7, φ α −1 (Σ γ ) is rational, hence H 1 (φ α −1 (Σ γ ), Q) = 0. Moreover, ψ * α is a map of Hodge structures, so we get our claim.
Proof. Suppose γ lies on the hyperplane H ξ , where ξ = (σ, d ′ , 1) as defined in section 2.4 (recall that we are in rank 2 situation). Let [E * ] ∈ Σ γ be the S-equivalence class of a γ-semistable bundle E * . Since E * is not γ-stable, there exists a line sub-bundle L of E of degree d ′ and parabolic degree 0. Let L ′ := E/L; then L ′ has parabolic degree 0 as well. Moreover,
Clearly gr γ (E * ) = L * ⊕ L ′ * , =⇒ [E * ] = [L ⊕ L −1 (−x)] ∴ We can conclude that Σ γ ≃ P ic d ′ (C).
Lemma 4.5. ψ * α induces isomorphism CH n−2 (M α ) hom ⊗ Q ≃ CH n−2 (N ) hom ⊗ Q Proof. As for Chow groups, we observe that since codimΣ γ = 1 + n α + n β and φ −1 α (Σ γ ) is a P nα -bundle over Σ γ , we get codim(φ −1 α (Σ γ )) = 1 + n β , hence by [Voi2, Theorem 9 .27], putting n = dim N = dim M α , CH n−2 (N ) ≃ CH n−2 (M α ) ⊕ 0≤k≤n β −1 CH n−2−n β +k (φ −1 α (Σ γ )) = CH n−2 (M α ) ⊕ CH n−n β −2 (φ α −1 (Σ γ )) ⊕ CH n−n β −1 (φ α −1 (Σ γ )) =⇒ CH 2 (N ) ≃ CH 2 (M α ) ⊕ CH 1 (φ α −1 (Σ γ )) ⊕ CH 0 (φ α −1 (Σ γ )) (4.6)
Clearly CH 0 (φ α −1 (Σ γ )) hom ⊗ Q = 0. We claim that CH 1 (φ α −1 (Σ γ )) hom = 0 as well. Since φ α −1 (Σ γ ) is a P nα -bundle over Σ γ , we get by [Voi2, Theorem 9 .25], noting dim(φ α −1 (Σ γ )) = n − n β − 1,
By lemma 4.4, CH 1 (Σ γ ) = CH 1 (P ic d ′ (C)) = Z, hence CH 1 (Σ γ ) hom ⊗ Q = 0 as well. So we conclude from 4.6. Theorem 4.7. For any generic weight α, the Abel-Jacobi map AJ : CH n−2 (M α ) hom ⊗ Q → IJ 2 (M α ) ⊗ Q is an isomorphism.
Proof. When α is small, the statement is true by Proposition 4.2. Since there are only finitely many walls, and for weights in the same chamber the moduli spaces are isomorphic by [BH, Remark 2.9 ]. Hence we can order the finitely many chambers in such a way that the consecutive chambers are separated by a single wall, and moreover the beginning chamber contains a small enough generic weight. Then choosing a weight from each chamber, and applying Corollary 4.6 and Proposition 4.2, we get our result.
